Colloidal particles in liquid medium are transported with constant velocity, and dynamic light scattering experiments are performed on the samples by self-mixing laser Doppler velocimetry. The power spectrum of the modulated wave induced by the motion of the colloidal particles cannot be described by the well-known formula for flowing Brownian motion systems. Rather, the power spectrum was found to be described by the q-Gaussian distribution function. The molecular mechanism resulting in this anomalous lineshape of the power spectrum is attributed to the anomalous molecular dynamics of colloidal particles in transported dilute samples, which satisfy a nonlinear Langevin equation.
Introduction
can be discussed in detail from the intensity of the modulated wave obtained with high accuracy using self-mixing thin-slice solid-state lasers.
We previously demonstrated that self-mixing LDV with a thin-slice solid-state laser is applicable to the rapid sizing of nanosize colloidal particles in dilute samples using the power spectrum of the modulated wave [5, 6] . When the subsidence of the particles by gravity can be neglected, each particle in a dilute sample undergoes Brownian motion independently. In this case, the power spectrum of the modulated wave induced by the Brownian motion of the particles becomes Lorentzian. On the other hand, we also demonstrated that self-mixing LDV is applicable to velocimetry of the fluid flow containing nanosize tracer particles through a glass pipe [6, 7] . In this case, the power spectrum has a complex lineshape owing to the velocity distribution of the particles in the pipe obeying Poiseuille's law. To treat the velocity of the particle simply, this dilute sample is exhausted besides the pipe vertically put, and the laser light is incident on the falling dilute sample containing tracer particles under gravity. The particles in incident laser light pass falls at same velocity, and then the power spectrum becomes simple Gaussian and the center frequency of Gaussian shifts according to eq. 1. These results indicate that the power spectrum is Lorentzian in a system in which the motion of scattered particles can be treated as Brownian motional diffusion. On the other hand, the power spectrum is Gaussian in a system in which the translation with a constant velocity becomes predominant for the motion of scattered particles. Thus, it is expected that the lineshape of the power spectrum will change from Lorentzian to Gaussian upon changing the motion of the particles from diffusion to translation.
Our motivation behind the present study is to clarify the general issue of the lineshape of the power spectrum of modulated wave, i.e., the molecular dynamics of colloidal particles under translation for a wide parameter range. To achieve such systems, dilute samples including colloidal particles in a scattering cell are transported with a constant velocity by a stepping motor (referred to as transported colloidal particle systems), and the transportation velocity of the dilute sample is systematically changed. The power spectrum of the modulated wave induced by the motion of colloidal particles in the dilute sample is measured by self-mixing LDV. If information on a dilute sample (for example, the diffusion constant of the particles) can be obtained from the power spectrum, then this system can be applied to the product inspection of medicine and cosmetics in glass bottles on a production line in real-time using a self-mixing laser with high optical sensitivity [2] [3] [4] . We previously conjectured that such a system can be treated as a flowing Brownian motion system in which particles undergoing Brownian motion are transported by uniform flow [8] [9] [10] . However, it turns out that the power spectrum is not described by a formula for flowing Brownian motion systems. In this work, we present the lineshape of the power spectrum measured in a transported colloidal particle system by self-mixing LDV and discuss the origin of the anomalous lineshape from the molecular dynamics of the colloidal particles undergoing uniform translation.
Experimental setup
The experimental setup is shown in fig. 1 . The laser used was a laser-diode (LD)- Three kinds of monodispersion Polystyrene latex spheres (PS) purchased from Estapor were used for the colloidal particles. Diameter of these PS is 110, 200, and 458nm, and its samples containing were diluted to a solute content of 0.05 wt%. It is noted that the Brownian motion of these particles is evaluated by the dynamic light scattering method [11] . Polyvinyl alcohol purchased from Wako Pure Chemical was added to the prepared samples to a concentration of 0 to 20 wt% to increase the viscosity of the samples. The temperature of the sample in the scattering cell was measured using thermocouple.
Results and Discussion
As examples of the experimental results, figs. 2(a) and (c) show the power spectra for 200-nm-diameter PS particles in water and in PVA-water mixture. For the stationary state (V = 0), the power spectrum is a Lorentzian centered at f AOM = 2 MHz, reflecting the Brownian motion of PS particles in a dilute sample [12] . When the transportation velocity of the dilute sample, V, increases, the peak frequency of the power spectrum shifts to the high-frequency side in accordance with eq. 1, and the width of the power spectrum increases. Here, v z calculated from the Doppler shift frequency of the power spectrum using eq. 1 is good agreement with the transported velocity of the scattering cell along the incident light axis, V z .
Here, let us consider the theory of flowing Brownian motion systems and compare the theoretical result with our experimental power spectra. The power spectrum can be obtained from the time Fourier transform of the autocorrelation function. The first-order autocorrelation function, G(t), of a scattered electric field caused by particle in a flowing Brownian motion system is calculated as [9, 10, 12 ]
Here, j is the imaginary unit, k is the scattered wave vector, v is the velocity vector of the particle, D is the diffusion constant, and w is the beam waist of the incident laser beam. The magnitude of the scattered wave vector is
where n is the refractive index of the liquid medium and  is the scattering angle (=  in our system). The diffusion constant is written using the Stokes-Einstein relation as
where d is the particle diameter,  is the viscosity coefficient of the liquid medium, and k B T is the Boltzmann factor. In eq. 2, the first term, 
. (6) Since the short-time (t << w/v) behavior of the autocorrelation function G(t) is dominated by the diffusion G dif and the long-time (t >> w/v) behavior is dominated by the translation G tans , we may expect that the power spectrum can be described by the Lorenzian (eq. 5) at the high-frequency tail and the Gaussian (eq. 6) around the peak of the spectrum. The power spectra directly To compare the line-shapes of the measured and computed power spectra around the peak frequency, the half-widths of the spectra are calculated. As examples of the results, figure   3 shows the half-width of the spectrum plotted against the Doppler shift frequency for 200 nm PS particles in water. The dashed line in fig. 3 indicates the half-width of the spectra computed using the FFT of eq. 2 with w = 5 and 20 m. Here, this value of w = 20 m was used because the beam waist of the incident light beam was w = 20  5 m measured by a laser beam profiler (Coherent, Beam Master). The measured half-width deviates from that computed with w =20 m, but, it close to that computed with the arbitrarily chosen w = 5 m. Although this value of the beam waist is much smaller than that measured by the laser bean profiler, it may correspond to the radius of the beam responsible for the effective plane-wave scattering into the laser, i.e., the central part of the incident Gaussian beam. Thus, the beam waist for the computed spectra is assumed to be the value experimentally determined from fig. 3, i. e., w = 5 m, and we compare the spectra measured and computed at high frequencies.
As examples of the results, fig. 4 shows the power spectra for PS particles in water and in a PVA-water mixture with v z = 0.0253 m/s, in order to compare the slopes of the spectra measured and computed at high frequencies using a double logarithmic scale. The slope of both computed spectra is -2 above 1 kHz, which agrees with that of the Lorentzian given by eq. 5.
This result indicates that the molecular dynamics of the particles in the flowing Brownian motion system is dominated by the diffusion in the short-time region (i.e., the high-frequency region) within a time of 1 ms, which corresponds to a frequency of 1 kHz. On the other hand, the slope of the measured spectra is steeper than -2 in the frequency range of 1 kHz to 5 kHz. These results indicate that the line-shape of the spectra measured at a high frequency range deviates from the Lorentzian expected from the traditional formulation of flowing Brownian motion systems. Moreover, this deviation increases for a sample with high viscosity.
The disagreement of our measured spectra with those predicted using the theory of flowing Brownian motion systems at high frequencies indicates that the dynamics of particles in transported colloidal particle system cannot be described by a simple superposition of diffusion and translation, particularly in the short-time region (t << w/v). On the other hand, the line-shape of the spectra measured around the peak frequency is close to that predicted by the theory of flowing Brownian motion system as shown in figs. 3 and 4. The molecular dynamics is dominated by the translation in the long-time region (t >> w/v) because trans G depends on t Thus, the molecular dynamics of our system in the long-time region is also dominated by the translation, which is reflected by the Gaussian line-shape of the power spectra around the peak frequency. To interpret the molecular mechanism of the characteristic power spectra in our system, it is necessary to connect the molecular dynamics in the short-and long-time regions. In other words, the spectral function with both Lorentzian and Gaussian features is necessary for the analysis of the power spectrum in a transported colloidal particles system.
When the Stokes-Einstein relation is not satisfied, the particles in a solvent undergo diffusion with non-Gaussian statistics [13] [14] [15] [16] . For example, Mazza et. al. suggested that the displacement of water molecules can be described by a non-Gaussian parameter due to the caging behavior of water through hydrogen bonds [13] . Molecular complex systems including long-range correlations and the long memory effect have been explained by using nonextensive
Tsallis statistics (nonextensive generalization of ordinary Gibbs-Shannon entropy) [17] [18] [19] . The q-Gaussian distribution function, defined as
is the probability distribution that optimizes the nonadditive entropy based on the nonextensive statistical mechanism. Here, p 0 is a normalization parameter, q is the nonextensive entropic index, and x 0 is the width of the distribution. The nonadditive entropy is defined as
where P i are the probabilities of the microscopic states with   1 i P . In the limit as q--> 1, eq.
(7) becomes the usual Gaussian
When q = 2, eq. (7) becomes the Lorentzian
The q-Gaussian distribution has been employed in the study of a wide range of phenomena including probabilistic models, polymeric networks, and dynamical systems [20] [21] [22] [23] [24] .
To discuss the line-shape of the power spectra measured for transported colloidal particle system, we performed a curve-fitting procedure for the power spectra using the q-Gaussian distribution function of the form
where I 0 is the amplitude of the spectrum. As an example of the results of curve fitting using the q-Gaussian distribution function, fig. 5 shows the power spectra for 200-nm-diameter PS particles in water and in a 6.3 wt% PVA-water mixture with v z = 0.0253 m/s. The measured power spectra are in good agreement with those calculated from eq. 11 wihtin a frequency range of 20 kHz around the peak frequency in both case. In contrast, the spectra predicted from the traditional theory of flowing Brownian motion systems using eq. 2 deviate significantly at high frequencies. Figure 6 shows the v z dependence of q and x 0 for PS particles in PVA-water mixtures. q decreases and x 0 increases with increasing v z . Since the molecular dynamics is diffusional when q = 2 and translational when q = 1, fig. 6(a) indicates that the diffusion and translation are mixed and that the translation becomes more important when v z becomes larger as expected. The smaller q values for the samples with higher viscosity can be explained by the fact that the diffusion is suppressed when the viscosity is higher, as indicated by eq. 4, causing the translational motion to becomes dominantly. It appears that the samples with higher viscosity have a larger x 0 value. Note that q has a power-law dependence on v z given by
where  q and  q are empirical parameters. Figure 7 shows  q and  q plotted against the diffusion constant for 110-, 200-, and 458-nm diameter PS particles in PVA-water mixtures with various PVA concentrations.  q monotonically increases with decreasing diffusion constant, while  q is independent of the diffusion constant. These results indicate that the line-shape of the power spectrum can be explained by the complex relationship between the diffusion and translation of colloidal particles, which cannot be expressed simply by the superposition of the two types of motion considered in eq. 2.
Traditionally, it was assumed that the molecular dynamics of particles undergoing
Brownian motion satisfies the linear Langevin equation given by [11] 
. (14) Here,  is the friction constant, L(t) is the Gaussian white noise, and  is the strength of the noise.
Then, the spectral density of the velocity correlation of the particles undergoing Brownian motion obtained by solving the Langevin equation becomes Lorentzian. Actually, according to the results of typical dynamic light scattering experiments on colloidal particles in static water, the first-order autocorrelation function undergoes single exponential decay when using the timedomain method, and the spectral density of the velocity is the Lorentzian when using the frequency-domain method. These results indicate that the origin of the Brownian motion of the particles in water is the isotropic collision of water molecules at all angles to the colloidal particles, and that the contribution of these collisions can be treated as Gaussian white noise. On the other hand, several authors [25] [26] [27] have considered a nonlinear Langevin equation for the colloidal particles under a nonlinear applied force, F, given by
. (15) The spectral density of the velocity of the colloidal particles obtained from the solutions of this equation corresponds to the q-Gaussian distribution (eq. 11) [25] [26] [27] . In fact, Beck [26] considered the nonlinear Langevin equation (eq. 15) to explain the power spectrum of turbulence.
By solving eq. 15 and assuming that the temperature fluctuation obeyed the  2 -distribution, he arrived at the q-Gaussian spectrum given by eq. 11. In his formulation, the q-Gaussian spectrum, or more specifically the parameter q, originates from the combination of the nonlinear drag force F(v) and the local temperature fluctuation. Thus, when the drag force is nonlinear and the temperature of the medium fluctuates, the power spectrum of the velocity autocorrelation function of the colloidal particles will be described neither by the Lorentzian (eq. 5) nor by the Gaussian (eq. 6) but by the q-Gaussian (eq. 11).
Let us use this model to interpret the line-shape of the power spectra measured for the transported colloidal particle system. When the scattering cell including the dilute sample is moved, the velocity distribution of the water molecules in contact with the bottom wall of the scattering cell becomes heterogeneous in the direction in which the scattering cell is moved. The change in the velocity distribution is transmitted to all molecules in the cell through the hydrogen-bonding network of water. In this case, the contribution of the collision of water molecules to the diffusion of the colloidal particles cannot be treated as a simple drag force that 
Conclusion
The power spectrum of a modulated wave induced by the motion of colloidal particles in a transported colloidal particle system is measured by self-mixing LDV with a thin-slice solid laser. The measured power spectrum is not described by the theory of flowing Brownian motion systems but by the q-Gaussian distribution function. This is interpreted to mean that the molecular dynamics of colloidal particles in this system obeys the nonlinear Langevin equation with a nonlinear drag force and nonuniform temperature field, which results from the translational motion of the scattering cell. It was found that the whole spectrum can be reproduced by a single q-Gaussian with only two parameters, the index q and the spectral width x 0 . The index q in the q-Gaussian distribution function depends on the diffusion constant of the colloidal particles. Thus, by fitting the q-parameter of the q-Gaussian to the measured power spectrum, the particle diameter can be easily deduced from the diffusion constant using the Stokes-Einstein relation (eq. 4). The gray solid line is the power spectrum calculated from eq. 11, which can reproduce the whole of each spectrum extremely well. 
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